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HARDY’S INEQUALITY FOR THE FRACTIONAL POWERS OF THE
GRUSHIN OPERATOR
RAKESH BALHARA
Abstract. We prove Hardy’s inequality for the fractional powers of the generalized sub-
laplacian and the fractional powers of the Grushin operator. We also find an integral
representation and a ground state representation for the fractional powers of generalized
sublaplacian.
1. Introduction and main results
The study of various kinds of inequalities for various differential operators are important
in understanding many practical problems in physics. Moreover, sharpness of the constants
involved in these inequalities is directly related to the existence and nonexistence results for
certain partial differential equations.
The well known Hardy’s inequality for continuously differentiable functions on Rn (n > 3)is
given by
(1.1)
∫
Rn
|∇f |2 dx > cn
∫
Rn
|f(x)|2
|x|2 dx,
where ∇ is the standard gradient operator on Rn. Moreover, sharp value of the constant cn,
involved in the inequality is known to be equal to (n−2)
2
4
. By sharp value of the constant, we
mean that the inequality will not hold true if we take value of cn >
(n−2)2
4
.
We recall that the classical Laplacian ∆ on Rn is defined by ∆ = −∑nj=1 ∂2∂x2j . For
f ∈ L2(Rn) such that ∆f ∈ L2(Rn), the inequality (1.1) can be shown equivalent to the
inequality:
(1.2) 〈∆f, f〉 > (n− 2)
2
4
∫
R
|f(x)|2
|x|2 dx.
Hardy’s inequality has been generalized for fractional powers of Laplacian. Recall that
fractional powers of Laplacian ∆s, for s > 0 is defined via spectral decomposition (or Fourier
transform) as
(1.3) ∆sf(x) =
1
(2pi)n
∫
Rn
|ξ|2sf̂(ξ)eix·ξ dξ,
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where f̂(ξ) is the Fourier transform defined by
∫
Rn
f(x)e−ix·ξ dx. With this definition, we
state the Hardy’s inequality for the fractional powers of Laplacian. For f ∈ L2(Rn) such
that ∆sf ∈ L2(Rn), we have for 0 < s < 1
(1.4) 〈∆sf, f〉 > 4s
(
Γ(n+2s
4
)
Γ(n−2s
4
)
)2 ∫
Rn
|f(x)|2
|x|2s dx.
Though the constant involved in the inequality is sharp, the equality is never achieved for
any non zero function. Hardy’s inequality for the fractional powers of Laplacian has been
extensively studied in literature. We refer to [1][4][6][13] for more details.
On the other hand, there is another version of Hardy’s inequality for fractional powers
of Laplacian, where the homogeneous weight |x|2s has been replaced by a non-homogeneous
weight (δ + |x|2)2s, δ > 0:
(1.5) 〈∆sf, f〉 > (4δ)s
(
Γ(n+2s
2
)
Γ(n−2s
2
)
)2 ∫
Rn
|f(x)|2
(δ + |x|2)2s dx.
The constant in the inequality is sharp and equality is achieved for f(x) = (δ+ |x|2)−(n−2s)/2.
Though the inequality (1.5) is well known, we are unable to find a reference where this in-
equality is actually proved.
In this article, we are interested in proving a similar inequality for the fractional powers
of Grushin operator. Recall that the Grushin operator G on Rn+1 is defined by
(1.6) G = −1
2
(
n∑
j=1
∂2
∂x2j
+ |x|2 ∂
2
∂w2
)
.
Using the spectral decomposition, we can define fractional powers of Grushin operator Gs
for any s > 0 by
(1.7) Gsf(x, w) = 1
2pi
∫
R
∞∑
k=0
((k + n/2)|λ|)sPk(λ)fλ(x)e−iλw dλ,
where Pk(λ) are the orthogonal projections of L2(Rn) onto the eigenspaces Eλk corresponding
to the eigenvalues (2k + n)|λ| of the scaled Hermite operator H(λ) defined on Rn as
(1.8) H(λ) = −
n∑
j=1
∂2
∂x2j
+ λ2|x|2,
and fλ is the inverse Fourier transform of f in the the last variable, that is
(1.9) fλ(x) =
∫
R
f(x, w)eiwλ dw.
However, it is convenient to work with the following modified fractional powers:
(1.10) Gsf(x, w) = 1
2pi
∫
R
∞∑
k=0
(2|λ|)sΓ(
2k+n
4
+ 1+s
2
)
Γ(2k+n
4
+ 1−s
2
)
Pk(λ)fλ(x)e−iλw dλ.
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Notice that Gs differs from Gs by a bounded operator, that is there exists a bounded operator
Vs such that Gs = VsGs, which justifies the proving of Hardy type inequality for Gs.
We denote by W s,2(Rn+1), the Sobolev space consisting of all L2(Rn+1) functions such
that Gsf ∈ L2(Rn+1). The main theorem that we will prove in this article is the following:
Theorem 1.1. For f ∈ W s,2(Rn+1), 0 < s < 1 and δ > 0, we have
〈Gsf, f〉 > (4δ)s
(
Γ(n/2+s+1
2
)
Γ(n/2−s+1
2
)
)2 ∫
Rn+1
|f(x, w)|2((
δ + |x|
2
2
)2
+ w2
)s dx dw.
Also the constant in the inequality is sharp and equality is achieved for
f(x, w) =
((
δ +
|x|2
2
)2
+ w2
)−n/2−s+1
2
.
In order to prove the above theorem, we prove an analogous theorem for the fractional
powers of generalized sublaplacian. We define generalized sublaplacian L on R+ × R for
α > −1/2 by
(1.11) L = −1
2
(
∂2
∂x2
+
2α+ 1
x
∂
∂x
+ x2
∂2
∂w2
)
.
Using the spectral decomposition, we define fractional powers of generalized sublaplacian Ls
for s > 0 as
(1.12) Lsf(x, w) = 1
piΓ(α+ 1)
∫
R
∞∑
k=0
(
(|λ|(2k + α+ 1))sf̂(λ, k)φαk,λ(x)
)
|λ|α+1e−iλw dλ,
where f̂(λ, k) is the Laguerre transform defined as
f̂(λ, k) =
Γ(α + 1)Γ(k + 1)
Γ(α + k + 1)
∫ ∞
0
(∫
R
f(x, w)eiλw dw
)
φαk,λ(x) x
2α+1 dx,
and φαk,λ defined as
φαk,λ(x) = L
α
k (|λ|x2)e−
1
2
|λ|x2,
with Lαk denoting the Laguerre polynomials of order α. However, it is convenient to work
with the following modified fractional powers of L. For s > 0, we define Ls by
(1.13)
Lsf(x, w) = 1
piΓ(α + 1)
∫
R
∞∑
k=0
(
(2|λ|)sΓ(
2k+α+1
2
+ 1+s
2
)
Γ(2k+α+1
2
+ 1−s
2
)
f̂(λ, k)φαk,λ(x)
)
|λ|α+1e−iλw dλ.
Again, we denote by W s,2(R+×R), the space consisting of all functions f such that both f
and Lsf belong to L2(R+ × R). We will prove the following Hardy type inequality for Ls.
Theorem 1.2. For f ∈ W s,2(R+ × R), 0 < s < 1 and δ > 0, we have
〈Lsf, f〉 > (4δ)s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2 ∫
R+
∫
R
|f(x, w)|2((
δ + x
2
2
)2
+ w2
)s dw dx.
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Moreover, the constant in the inequality is sharp and equality is achieved for
f(x, w) = ((δ + x2/2)2 + w2)−
α−s+2
2 .
We outline the contents of this paper. In Section 2, we give preliminaries, definitions and
facts concerning Laguerre expansions, fractional powers of sublaplacian, fractional powers of
Grushin, spherical harmonics and Hecke Bochner formula. In Section 3, we will prove the
Hardy type inequality for the fractional powers of sublaplacian. Integral representation and
ground state representation for the fractional powers of sublaplacian are also calculated in
this Section. In Section 4, Hardy type inequality for the fractional powers of Grushin will
be proved.
2. Preliminaries
2.1. Laguerre expansions on R+. Let α > −1/2. We equip Y = R+ with the measure
x2α+1 dx, where dx is the standard Lesbegue measure. For λ ∈ R \ {0} and k = 0, 1, 2, · · · ,
we define Laguerre functions φαk,λ by
(2.1) φαk,λ(x) = L
α
k (|λ|x2)e−
1
2
|λ|x2,
where Lαk are the Laguerre polynomials of type α. We also define
(2.2) φ˜αk,λ(x) =
(
2Γ(k + 1)|λ|α+1
Γ(α+ k + 1)
) 1
2
φαk,λ(x).
Proposition 2.1. For λ 6= 0, the collection {φ˜αk,λ(x)}∞k=0 forms an orthonormal basis for
L2(Y, x2α+1dx).
For proof see [11] [Proposition 2.4.2].
For x ∈ Y , define Laguerre translation T xα,λ for functions on Y by
(2.3) T xα,λf(y) =
Γ(α + 1)2α√
2pi
∫ pi
0
f((x2 + y2 + 2xy cos(θ))
1
2 )jα− 1
2
(|λ|xy sin θ) sin2α θ dθ,
where jα(t) = Jα(t)t
−α. Here Jα is the Bessel functions of order α. Though the definition
of Laguerre translation is quite complicated, but its action on Laguerre functions is simple
enough.
Proposition 2.2. We have
T yα,λφ
α
k,λ(x) =
Γ(α + 1)Γ(k + 1)
Γ(α + k + 1)
φαk,λ(y)φ
α
k,λ(x).
For proof we refer to [12][Theorem 6.1.2].
Using Laguerre translation, we define Laguerre convolution f ∗λ g for functions f, g ∈
L1(Y, x2α+1dx) as
(2.4) f ∗λ g(x) =
∫ ∞
0
T yα,λf(x)g(y)y
2α+1 dy.
We quickly recall Hilbert space theory for L2(Y, x2α+1 dx). Since {φ˜αk,λ}∞k=0 forms an or-
thonormal basis for L2(Y, x2α+1 dx), we have f =
∑∞
k=0〈f, φ˜αk,λ〉φ˜αk,λ in L2 norm. So, for
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k = 0, 1, 2, . . . , if we also define Laguerre coefficients fˆ(k) for the function f ∈ L2(Y, x2α+1 dx)
by
(2.5) fˆ(k) =
Γ(α + 1)Γ(k + 1)
Γ(α + k + 1)
∫
Y
f(x)φαk,λ(x)x
2α+1 dx,
then we have
(2.6) f =
2|λ|α+1
Γ(α + 1)
∞∑
k=0
fˆ(k)φαk,λ
in L2(Y, x2α+1 dx) norm. Moreover, using Proposition 2.2 one can check that
(2.7) f ∗λ φαk,λ = fˆ(k)φαk,λ.
Hence we have another representation for f ∈ L2(Y, x2α+1 dx):
Proposition 2.3. For f ∈ L2(Y, x2α+1 dx), we have
f =
2|λ|α+1
Γ(α + 1)
∞∑
k=0
f ∗λ φαk,λ
in L2 norm.
Again using Proposition 2.2, one can check that φαk,λ ∗λ φαj,λ(x) = Γ(α+1)2|λ|α+1φαk,λ(x)δk,j, where
δk,j is the kronecker delta function. Using this we can easily calculate Laguerre coefficients
of f ∗λ g for f, g ∈ L2(Y, x2α+1).
Proposition 2.4. For f, g ∈ L2(Y, x2α+1), Laguerre coefficients of f ∗λ g are related to
Laguerre coefficients of f and g by
(f̂ ∗λ g)(k) = fˆ(k)gˆ(k).
2.2. Laguerre transform on R+ × R. Let X = R+ × R and α > −1/2. We will denote
the elements of X by Greek letters ξ, η, etc, with the understanding that ξ = (x, w) means
x ∈ R+ and w ∈ R. We equip X with measure dµ(x, w) = x2α+1dx dw, where dx and dw
are the standard Lesbegue measures. For ξ = (x, w) and η = (y, v), and θ, φ ∈ R, we define
product
(ξ, η)θ,φ = ((x
2 + y2 − 2xy cos(θ)) 12 , w − v + xy cos(φ) sin(θ))
Define measure ν on [0, pi]× [0, pi] by:
dν(θ, φ) =
α
pi
(sin(φ))2α−1(sin(θ))2αdθ dφ,
where dθ and dφ are again standard Lesbegue measures. For f ∈ L1(X, µ), we define
generalized translation operator T η for η ∈ X by
(2.8) T ηf(ξ) =
∫ pi
0
∫ pi
0
f((ξ, η)(θ,φ)) dν(θ, φ).
Using the generalized translation operator, we define convolution f ∗ g, for f, g ∈ L1(X, µ)
by
(2.9) f ∗ g(ξ) =
∫
X
T ηf(ξ)g(η) dµ(η).
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For λ ∈ R \ {0} and k = 0, 1, 2, · · · , define
(2.10) ψαk,λ(x, w) =
Γ(k + 1)Γ(α+ 1)
Γ(α+ k + 1)
eiλwφαk,λ(x).
Though the definition of generalized translation is complicated, its action on ψαk,λ is simple.
Proposition 2.5. We have
T (y,−v)ψαk,λ(x, w) = ψ
α
k,λ(y, v)ψ
α
k,λ(x, w).
We refer to [9][Lemma 4.2] for the proof.
For f ∈ L1(X), λ ∈ R \ {0} and k = 0, 1, 2, . . . , we define its Laguerre transform f̂(λ, k)
by
(2.11) f̂(λ, k) =
∫
X
f(x, w)ψαk,λ(x, w) dµ(x, w).
Proposition 2.6. For f ∈ L2(X), we have
f(x, w) =
1
piΓ(α+ 1)
∫
R
∞∑
k=0
f̂(λ, k)φαk,λ(x)|λ|α+1e−iλw dλ,
in L2(X) norm.
For proof see [10][Lemma 3.1].
For f ∈ L1(X, µ), we define
(2.12) fλ(x) =
∫
R
f(x, w)eiλw dw,
that is inverse Fourier transform in the second variable. For f ∈ L2(X), if we calculate the
Laguerre coefficients of fλ, we immediately notice that
(2.13) f̂λ(k) = f̂(λ, k).
Also using the Proposition 2.5, one can check that
(2.14) f̂ ∗ g = f̂ ĝ.
2.3. Fractional powers of generalized sublaplacian. For α > −1/2, we define general-
ized sublaplacian L on X by
(2.15) − 1
2
(
∂2
∂x2
+
2α + 1
x
∂
∂x
+ x2
∂2
∂w2
)
.
This operator is positive and symmetric in L2(X). Using the fact that Laguerre polynomials
satisfy the following identity
(2.16) x
d2
dx2
Lαk (x) + (α+ 1− x)
d
dx
Lαk (x) + kL
α
k (x) = 0,
one can check that
(2.17) Lψαk,λ = |λ|(2k + α + 1)ψαk,λ.
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Thus ψαk,λ are the eigenvectors for L with |λ|(2k + α + 1) as corresponding eigenvalues.
Moreover, for f ∈ L2(X) such that Lf ∈ L2(X), we have
(2.18) L̂f(λ, k) = |λ|(2k + α + 1)f̂(λ, k).
Using Proposition 2.6 and (2.17), we obtain the following spectral decomposition of L:
(2.19) Lf(x, w) = 1
piΓ(α + 1)
∫
R
(
∞∑
k=0
|λ|(2k + α + 1) f̂(λ, k)φαk,λ(x)
)
|λ|α+1e−iλw dλ.
Therefore, using spectral decomposition, we define fractional powers of the generalized
sublaplacian Ls for 0 < s < 1:
(2.20) Lsf(x, w) = 1
piΓ(α+ 1)
∫
R
(
∞∑
k=0
(|λ|(2k + α + 1))s f̂(λ, k)φαk,λ(x)
)
|λ|α+1e−iλw dλ.
However, it is convenient to work with the following modified fractional power of L. For
0 < s < 1, we define Ls by
(2.21)
Lsf(x, w) = 1
piΓ(α + 1)
∫
R
(
∞∑
k=0
(2|λ|)sΓ(
2k+α+1
2
+ 1+s
2
)
Γ(2k+α+1
2
+ 1−s
2
)
f̂(λ, k)φαk,λ(x)
)
|λ|α+1e−iλw dλ.
Thus Ls corresponds to the spectral multiplier
(2.22) (2|λ|)sΓ
(
2k+α+1
2
+ 1+s
2
)
Γ
(
2k+α+1
2
+ 1−s
2
) .
Finally, we define W s,2(X) as the space consisting of f ∈ L2(X) such that Lsf ∈ L2(X).
2.4. Heat semigroup associated with L. The heat semigroup e−tL generated by L is
defined by the relation
(2.23) ê−tLf(λ, k) = e−|λ|(2k+α+1)tf̂(λ, k).
Thus we have
(2.24) e−tLf(x, w) = f ∗ ht(x, w),
where ht is the heat kernel associated with L given by
(2.25) ĥt(λ, k) = e
−|λ|(2k+α+1)t.
Although the expression for ht(x, w) is not known explicitly, we have the explicit expression
for hλt (x).
Proposition 2.7. We have
hλt (x) =
2
Γ(α+ 1)
(
λ
2 sinh(λt)
)α+1
e−
λ
2
x2 coth(λt).
Proof. Using Proposition 2.6, we have
ht(x, w) =
1
piΓ(α + 1)
∞∑
k=0
∫ ∞
−∞
e−|λ|(2k+α+1)tφαk,λ(x)|λ|α+1e−iλw dλ
=
1
2pi
∫ ∞
−∞
hλt (x)e
−iλw dλ,
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where
hλt (x) =
2
Γ(α+ 1)
∞∑
k=0
e−|λ|(2k+α+1)tφαk,λ(x)|λ|α+1.
Using the generating function identity for Laguerre functions
∞∑
k=0
Lαk (x)r
k = (1− r)−(α+1)e− rx1−r ,
we simplify to get the desired expression for hλt . 
For 0 < s < 1 and t > 0, we define Kt,s(x, w) by
(2.26) Kλt,s(x) = h
λ
t (x)
(
λt
sinh λt
)s+1
.
Lemma 2.8. We have the following properties of Kt,s
(2.27)
∫
X
Kt,s(x, w) dµ(x, w) = 1.
(2.28)
∫
X
T ηKt,s(ξ) dµ(ξ) =
∫
X
T ηKt,s(ξ) dµ(η) = 1.
(2.29) f ∗Kt,s(ξ) = Kt,s ∗ f(ξ).
Proof. We begin with the definition∫ ∞
−∞
Kt,s(x, w)e
iλw dw = hλt (x)
(
λt
sinh λt
)s+1
.
Making λ go to 0, we get∫ ∞
−∞
Kt,s(x, w) dw =
2
Γ(α+ 1)
1
(2t)α+1
e−
x2
2t .
Therefore, ∫
X
Kt,s(x, w) dµ(x, w) =
∫ ∞
0
2
Γ(α + 1)
1
(2t)α+1
e−
x2
2t x2α+1 dx
=
∫ ∞
0
2
Γ(α + 1)
e−x
2
x2α+1 dx
= 1.
Next, using [9][Lemma 3.1], we have∫
X
T ηf(ξ)g(ξ) dµ(ξ) =
∫
X
f(ξ)T η
∗
g(ξ) dµ(ξ),
where (x, w)∗ = (x,−w). Take g = 1 and f = Kt,s and use (2.27) to conclude∫
X
T ηKt,s(ξ) dµ(ξ) = 1.
On the other hand, ∫
X
T ηKt,s(ξ) dµ(ξ) =
∫
X
T ξ
∗
Kt,s(η
∗) dµ(ξ)
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is just a change of variables; combining with the fact that Kt,s is an even function in the
second variable, we conclude second half of the (2.28).
Finally, (2.29) follows from the change of variable and the fact that Kt,s is an even function
in the second variable. 
For 0 < s < 1, we define
(2.30) Ks(x, w) =
∫ ∞
0
Kt,s(x, w)t
−s−1 dt.
We will show Ks is a positive function, more precisely:
Proposition 2.9. For 0 < s < 1, we have
Ks(x, w) =
22α+2s+3
(
Γ
(
α+s+2
2
))2
piΓ(α + 1)
1
(x4 + 4w2)
s+α+2
2
.
Proof. Calculations are borrowed from [7][Proposition 4.2]. We repeat for the sake of com-
pleteness. We start with the expression∫ ∞
−∞
Ks(x, w)e
iλw dw =
∫ ∞
0
hλt (x)
( t|λ|
sinh t|λ|
)s+1
t−s−1 dt.
Using Proposition 2.7, and since the functions involved are even in λ, we have∫ ∞
−∞
Ks(x, w)e
iλw dw =
2
Γ(α + 1)
∫ ∞
0
( λ
sinh tλ
)α+s+2
e−
1
2
λ(coth tλ)x2 dt.
As the Fourier transform of Ks in the central variable w is an even function of λ we have,
after taking the Fourier transform in the variable λ,
Ks(x, w) =
2
piΓ(α + 1)
∫ ∞
0
∫ ∞
0
(cosλw)
( λ
sinh tλ
)α+s+2
e−
1
2
λ(coth tλ)x2 dλ dt.
By the change of variables λ→ λx−2, t→ tx2, we obtain
(2.31) Ks(x, wx
2) = x−2(α+s+2)Ks(1, w).
Thus
Ks(1, w) =
2
piΓ(α + 1)
∫ ∞
0
∫ ∞
0
(cosλw)
( λ
sinh tλ
)α+s+2
e−
λ
2
(coth tλ) dt dλ
=
2
piΓ(α + 1)
∫ ∞
0
(∫ ∞
0
(cosλw)λα+s+1e−
λ
2
(coth t) dλ
)
(sinh t)−(α+s+2) dt.
The integral in λ can be evaluated by using [5, p. 498, 3.944.6]:
(2.32)
∫ ∞
0
xµ−1e−βx(cos δx) dx =
Γ(µ)
(δ2 + β2)µ/2
cos
(
µ arctan
δ
β
)
,
valid for Reµ > 0, Re β > | Im δ|. Taking with µ = α + s + 2, β = 1
2
(coth t) and δ = w.
Then, we get∫ ∞
0
(cosλw)λα+s+1e−
λ
2
(coth t) dλ =
Γ(α + s+ 2) cos
(
(α + s+ 2) arctan
(
2w
coth t
))
(
w2 + 1
4
coth2 t
)α+s+2
2
.
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Thus
(2.33) Ks(1, w) =
2Γ(α+ s+ 2)
piΓ(α + 1)
∫ ∞
0
cos
(
(α + s+ 2) arctan
(
2w
coth t
))
(
w2 + 1
4
coth2 t
)α+s+2
2
(sinh t)−(α+s+2) dt.
With the change of variables u = 2w
coth t
we have that the latter integral equals∫ 2w
0
( u2
4w2 − u2
)− (α+s+2)
2
(
w2 +
4w2
4u2
)− (α+s+2)
2
cos[(α + s+ 2) arctanu]
2w
4w2 − u2 du
= 2w−(α+s+1)
∫ 2w
0
(4w2 − u2)α+s2 (1 + u2)−α+s+22 cos[(α+ s + 2) arctanu] du
= 2α+s+1w−1
∫ 2w
0
(
1− u
2
4w2
)α+s
2
(1 + u2)−
α+s+2
2 cos[(α+ s + 2) arctanu] du.
Thus, with this and (2.33) we have
(2.34) Ks(1, w) = 2
α+s+2Γ(α + s+ 2)
piΓ(α + 1)
w−1I,
where
I :=
∫ 2w
0
(
1− u
2
4w2
)α+s
2
(1 + u2)−
α+s+2
2 cos[(α + s+ 2) arctanu] du.
Now we will see that the above integral can be explicitly computed in terms of Legendre
functions. Making a second change of variable arctanu = z, the integral I becomes
I =
∫ arctan 2w
0
(
cos2 z − sin
2 z
4w2
)α+s
2
cos[(α + s+ 2)z] dz.
We can rewrite the above integral as
I =
∫ arctan 2w
0
(1 + cos 2z
2
− 1− cos 2z
2 · 4w2
)α+s
2
cos[(α + s+ 2)z] dz
= 2−
α+s
2
∫ arctan 2w
0
(
(cos 2z)
(
1 +
1
4w2
)
−
( 1
4w2
− 1
))α+s2
cos[(α + s+ 2)z] dz
=
(1 + 4w2
8w2
)α+s
2
∫ arctan 2w
0
(
cos 2z − 1− 4w
2
1 + 4w2
)α+s
2
cos[(α+ s + 2)z] dz
=
1
2
(1 + 4w2
8w2
)α+s
2
∫ 2 arctan 2w
0
(cos β − cos γ)α+s2 cos
[(α + s+ 2)
2
β
]
dβ,
where cos γ = 1−16w
2
1+16w2
. The integral can be evaluated using ([5, p. 406, 3.663.1]):
(2.35)
∫ u
0
(cosx− cosu)ν− 12 cos ax dx =
√
pi
2
(sin u)νΓ
(
ν +
1
2
)
P−ν
a− 1
2
(cosu),
valid for Re ν > −1
2
, a > 0, 0 < u < pi, where P−ν
a− 1
2
is an associated Legendre function of the
first kind (see for instance [5, Sections 8.7-8.8]). Also Recall the following representation for
the associated Legendre function ([5, p. 969, 8.755])
(2.36) P−νν (cosϕ) =
(
sinϕ
2
)ν
Γ(1 + ν)
.
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Taking ν = α+s+1
2
and a = α+s+2
2
in (2.35) and using the representation for the associated
Legendre function (2.36), the latter integral becomes√
pi
2
(sin γ)
α+s+1
2 Γ
(α+ s + 2
2
)
P
−α+s+1
2
α+s+1
2
(cos γ) =
√
pi
2
Γ
(α + s+ 2
2
)
(sin γ)
α+s+1
2
(sin γ)
α+s+1
2
2
α+s+1
2 Γ
(
α+s+3
2
)
=
√
pi
2
Γ
(
α+s+2
2
)
2
α+s+1
2 Γ
(
α+s+3
2
)(sin2 γ)α+s+12
=
√
pi
2
Γ
(
α+s+2
2
)
2
α+s+1
2
Γ
(
α+s+3
2
)( 4w
1 + 4w2
)α+s+1
,
because sin2 γ = 16w
2
(1+4w2)2
. This gives
(2.37)
I =
1
2
√
pi
2
Γ
(
α+s+2
2
)
2
α+s+1
2
Γ
(
α+s+3
2
)(1 + 4w2
8w2
)α+s
2
( 4w
1 + 4w2
)α+s+1
=
√
pi
Γ
(
α+s+2
2
)
Γ
(
α+s+3
2
)w(1 + 4w2)−α+s+22 .
Finally, plugging (2.37) into (2.34), we have
Ks(1, w) =
2α+s+2Γ(α+ s+ 2)
piΓ(α + 1)
√
pi
Γ
(
α+s+2
2
)
Γ
(
α+s+3
2
)(1 + 4w2)−α+s+22 ,
or, by (2.31)
Ks(x, w) = x
−2(α+s+2)Ks
(
1,
w
x2
)
= cα,s(x
4 + 4w2)−
α+s+2
2 .
where the constant cα,s is given by
cα,s =
2α+s+2Γ(α+ s+ 2)√
piΓ(α+ 1)
Γ
(
α+s+2
2
)
Γ
(
α+s+3
2
) .
By using Legendre’s duplication formula
(2.38)
√
piΓ(2z) = 22z−1Γ(z)Γ
(
z +
1
2
)
with z = α+s+2
2
, and after simplification, we get
cα,s =
22α+2s+3
(
Γ
(
α+s+2
2
))2
piΓ(α+ 1)
.
This completes the proof of the Proposition. 
We have shown that Ks is a positive function. Moreover, generalized translation is a
positive operator, see [9][Proposition 3.2]. Therefore, T ηKs > 0. In other words,
(2.39)
∫
X
T ηKt,s(ξ)t
−s−1 dt > 0, ∀ξ, η ∈ X.
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2.5. Fractional powers of Grushin operator. Let H = Rn × R with the understaning
that (x, w) ∈ H means x ∈ Rn and w ∈ R. We equip H with the measure dµ(x, w) = dx dw,
where dx and dw are the usual Lebesgue measures on Rn and R. We define Grushin operator
G on H by
(2.40) G = −1
2
(
n∑
j=1
∂2
∂x2j
+ |x|2 ∂
2
∂w2
)
.
For λ ∈ R \ {0}, we define thescaled Hermite operator H(λ) on Rn by
(2.41) H(λ) = −
(
n∑
j=1
∂2
∂x2j
− λ2|x|2
)
For multi-index β ∈ Nn, define Φβ(x) = hβ1(x1)hβ2(x2) · · ·hβn(xn), where β = (β1, · · · , βn)
and hβi are normalized Hermite functions. Further, for λ ∈ R \ {0} define
Φλβ(x) = |λ|
n
4Φβ(
√
|λ|x).
The collection {Φλβ}β∈Nn forms an orthonormal basis for L2(Rn), see [11][Theorem 1.2.2].
Also they are eigenfunctions for the scaled Hermite operator, that is
(2.42) H(λ)Φλβ = (2|β|+ n)|λ|Φλβ.
For λ ∈ R \ {0} and k = 0, 1, 2, · · · , define Pk(λ) as projections of L2(Rn) onto Eλk , the
eigenspace corresponding to eigenvalue (2k + n)|λ|. In other words,
(2.43) Pk(λ)f =
∑
|β|=k
〈f,Φλβ〉Φλβ.
Thus we have
(2.44) H(λ) =
∞∑
k=0
(2k + n)|λ|Pk(λ).
Finally, using the Fourier transform and the above spectral decomposition of scaled Hermite
operator (Equation (2.44)), we have the following spectral decomposition of G:
(2.45) Gf(x, w) = 1
2pi
∫
R
∞∑
k=0
(k + n/2)|λ|Pk(λ)fλ(x)e−iλw dλ.
Therefore, a natural way to define fractional powers of Grushin operator is via spectral
decomposition:
(2.46) Gsf(x, w) = 1
2pi
∫
R
∞∑
k=0
((k + n/2)|λ|)sPk(λ)fλ(x)e−iλw dλ.
However, it is convenient to with following modified fractional powers of G. For 0 < s < 1,
we define Gs by
(2.47) Gsf(x, w) = 1
2pi
∫
R
∞∑
k=0
(2|λ|)sΓ(
2k+n
4
+ 1+s
2
)
Γ(2k+n
4
+ 1−s
2
)
Pk(λ)fλ(x)e−iλw dλ.
Also we define W s,2(H) as the space consists of all those functions f in L2(H) such that
Gsf ∈ L2(H) too.
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2.6. Spherical harmonics and Hecke-Bochner formula. Let us quickly recall some
facts about spherical harmonics and solid harmonics. We refer to [8][Chapter 4] for missing
details. Let Hm denote the space of spherical harmonics of degree m. Let {Ym,j}amj=1 de-
notes the orthogonal basis of Hm, where am denotes the dimension of Hm. We know that
L2(Sn−1) =
⊕∞
m=0Hm and the collection {Ym,j}, for j = 1, 2, · · · , am and m = 0, 1, 2, · · · ,
forms orthonormal basis for L2(Sn−1). Note that Sn−1 denotes the unit sphere in Rn. Define
solid harmonics Pm,j(x) = |x|mYm,j(x/|x|) for j = 1, 2 · · · , am and m = 0, 1, · · · . Let hm de-
notes the space consisting of linear combination of functions of the form f(|x|)P (x), where f
varies over radial functions and P ∈ Hm, with the stipulation that each f(|x|)P (x) ∈ L2(Rn).
With these definitions, we have L2(Rn) =
⊕∞
m=0 hm. So for f ∈ L2(Rn+1), we have
(2.48) f(x, w) =
∞∑
m=0
am∑
j=1
fm,j(|x|, w)Pm,j(x),
where fm,j(|x|, w) =
∫
Sn−1
f(|x|ω,w)Pm,j(|x|ω) dω.
Finally, we recall Hecke-Bochner formula, which describes how Hermite projections act on
solid harmonics, proof of which can be found in the book [12][Theorem 3.4.1].
Proposition 2.10. Suppose f ∈ L2(Rn) is such that f = gP , where g is radial and P is a
solid harmonics of degree m. Then we have
P2k+m(λ)f(x) = Rλk,m(g)φαk,λ(|x|)P (x)
where
Rλk,m(g) =
2|λ|α+1Γ(k + 1)
Γ(α + k + 1)
∫ ∞
0
g(s)φαk,λ(s)s
2α+1 ds
and α = n
2
+m− 1. For other values of j, Pj(λ)f = 0.
3. Hardy’s Inequality for Generalized Subaplacian
For −1 < s < 1 and δ > 0, we define
(3.1) us,δ(x, w) =
((
δ +
x2
2
)2
+ w2
)− s+α+2
2
.
Proposition 3.1. For 0 < s < 1, we have
Lsu−s,δ(ξ) = (4δ)s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2
us,δ(ξ).
Proof. We prove the result by calculating Laguerre transform on both sides. This has been
already done in Ciaurri et al [2], but we repeat the calculations for the convenience of the
readers. Define
L(a, b, c) =
∫ ∞
0
e−a(2x+1)xb−1(1 + x)−c dx.
We start with the generating function identity for the Laguerre functions:
∞∑
k=0
zkLαk (x
2)e−
1
2
x2 = (1− z)−α−1e− 12 1+z1−z x2 .
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Therefore, we have
(3.2)
∞∑
k=0
(
y
y + |λ|
)k
Lαk (|λ|x2)e−
1
2
|λ|x2 = |λ|−α−1(y + |λ|)α+1e− 12 (2y+|λ|)x2 .
For functions f, g defined on (0,∞), let F,G be their Laplace transforms defined by
F (a+ ib) =
∫ ∞
0
e−(a+ib)yf(y) dy, G(a, ib) =
∫ ∞
0
e−(a+ib)yg(y) dy, a > 0, b ∈ R
Let β = 1
2
(α + s+ 2). Then with f(y) = g(y) = Γ−1(β)yβ−1e−δy, we have
F (a+ ib) = G(a + ib) = (δ + a+ ib)−β .
On the other hand, it can be checked, see [[3], Lemma 3.4], that∫ ∞
−∞
F (a+ ib)G(a + ib)e−i|λ|b db = 2pi
∫ ∞
0
f(y)g(y + |λ|)e−a(2y+|λ|) dy.
Taking a = 1
2
x2, we have∫ ∞
−∞
((
δ +
1
2
x2
)2
+ b2
)− 1
2
(s+α+2)
e−i|λ|b db = 2pi
∫ ∞
0
f(y)g(y + |λ|)e− 12 (2y+|λ|)x2 dy.
Since us,δ(x, w) is symmetric in w variable, therefore we have
uλs,δ(x) = 2pi
∫ ∞
0
f(y)g(y + |λ|)e− 12 (2y+|λ|)x2 dy.
Using (3.2), we have
uλs,δ(x) =
2|λ|α+1
Γ(α + 1)
∞∑
k=0
cλk,δ(s)φ
α
k,λ(x),
where the coefficients are given by
cλk,δ(s) = piΓ(α+ 1)
∫ ∞
0
f(y)g(y + |λ|)(y + |λ|)−(k+α+1)yk dy
=
piΓ(α+ 1)|λ|s
(Γ(β))2
∫ ∞
0
e−δ(2y+|λ|)yβ+k−1(y + |λ|)β−k−α−2 dy
=
piΓ(α+ 1)|λ|s
(Γ(β))2
L
(
δ|λ|, 2k + α + 2 + s
2
,
2k + α + 2− s
2
)
.
Notice that ûs,δ(λ, k) = ûλs,δ(k) = c
λ
k,δ(s). Also, according to [[3], Proposition 3.6] the function
L satisfies the following identity
(2λ)a
Γ(a)
L(λ, a, b) =
(2λ)b
Γ(b)
L(λ, b, a)
for all (a, b ∈ C) and λ > 0. Using this we get
(3.3) cλk,δ(−s) = (2δ)s|λ|−s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2
Γ(2k+α+1
2
+ 1−s
2
)
Γ(2k+α+1
2
+ 1+s
2
)
cλk,δ(s).
HARDY’S INEQUALITY FOR THE FRACTIONAL POWERS OF GRUSHIN OPERATOR 15
Rearranging the terms,
(2|λ|)sΓ(
2k+α+1
2
+ 1+s
2
)
Γ(2k+α+1
2
+ 1−s
2
)
cλk,δ(−s) = (4δ)s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2
cλk,δ(s),
which is nothing but
L̂su−s,δ(λ, k) = (4δ)s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2
ûs,δ(λ, k),
and hence the result. 
Next, we find an integral representation for Ls in an analogous way as it has been found
for the fractional powers of sublaplacian on Heisenberg group by Roncal et al [7][Section 4].
Theorem 3.2. For 0 < s < 1 and f ∈ W s,2(X), we have
Lsf(ξ) = 1|Γ(−s)|
∫ ∞
0
(f(ξ)− f ∗Kt,s(ξ))t−s−1 dt,
where Kt,s is defined in (2.26).
Proof. We begin with the identity (see [5]. p.382, 3.541.1])
21−s
∫ ∞
0
e−(µ+1)t(sinh t)−s dt =
Γ(1− s)Γ
(
µ
2
+ 1+s
2
)
Γ
(
µ
2
+ 1−s
2
+ 1
) ,
which gives
(3.4) (µ+ 1− s)
∫ ∞
0
e−(µ+1)t(sinh t)−s dt =
2sΓ(1− s)Γ
(
µ
2
+ 1+s
2
)
Γ
(
µ
2
+ 1−s
2
) .
Also we have
(µ+ 1)
∫ ∞
0
e−(µ+1)t(sinh t)−s dt =
∫ ∞
0
d
dt
(1− e−(µ+1)t)(sinh t)−s dt
= s
∫ ∞
0
(1− e−(µ+1)t)(sinh t)−s−1(cosh t) dt.
Therefore, plugging the latter into (3.4), we get
2sΓ(1− s)Γ
(
µ
2
+ 1+s
2
)
Γ
(
µ
2
+ 1−s
2
) = s ∫ ∞
0
(
cosh t− e−(µ+1)t(cosh t+ sinh t)
)
(sinh t)−s−1 dt
= s
∫ ∞
0
(
cosh t− e−µt)(sinh t)−s−1 dt
= s
∫ ∞
0
(
cosh t− 1)(sinh t)−s−1 dt+ s ∫ ∞
0
(
1− e−µt)(sinh t)−s−1 dt
= c1s + s
∫ ∞
0
(
1− e−µt)(sinh t)−s−1 dt,
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where c1 is the constant given by
c1 :=
∫ ∞
0
(
cosh t− 1)(sinh t)−s−1 dt.
Thus, by taking µ = 2k + α + 1 and changing t into |λ|t, we have
2sΓ(1− s)
s
Γ
(
2k+α+1
2
+ 1+s
2
)
Γ
(
2k+α+1
2
+ 1−s
2
) = c1 + |λ| ∫ ∞
0
(
1− e−(2k+α+1)|λ|t)(sinh t|λ|)−s−1 dt.
Multiplying both sides by 2|λ|
s+α+1
Γ(α+1)
f̂(λ, k)φαk,λ(x), we have
Γ(1− s)
s
2|λ|α+1
Γ(α + 1)
(2|λ|)s
Γ
(
2k+α+1
2
+ 1+s
2
)
Γ
(
2k+α+1
2
+ 1−s
2
) f̂(λ, k)φαk,λ(x) = c1 2|λ|α+1Γ(α + 1) |λ|sf̂(λ, k)φαk,λ(x)
+
2|λ|α+1
Γ(α+ 1)
∫ ∞
0
(
1− e−(2k+α+1)|λ|t)( t|λ|
sinh tλ
)s+1
f̂(λ, k)φαk,λ(x)t
−s−1 dt.
Using (2.7), (2.4) and summing over k, we obtain
(3.5)
Γ(1− s)
s
2|λ|α+1
Γ(α + 1)
(2|λ|)s
∞∑
k=0
Γ
(
2k+α+1
2
+ 1+s
2
)
Γ
(
2k+α+1
2
+ 1−s
2
) f̂(λ, k)φαk,λ(x)
= c1|λ|sfλ(x) +
∫ ∞
0
(
fλ(x)− fλ ∗λ hλt (x)
)( tλ
sinh tλ
)s+1
t−s−1 dt.
We now rewrite the last integral as a sum of the following two integrals:
A = fλ(x)
∫ ∞
0
(( tλ
sinh tλ
)s+1
− 1
)
t−s−1 dt,
B =
∫ ∞
0
(
fλ(x)−
( tλ
sinh tλ
)s+1
fλ ∗λ hλt (x)
)
t−s−1 dt.
Note that the first integral A is equal to
|λ|sfλ(x)
∫ ∞
0
(( t
sinh t
)s+1
− 1
)
t−s−1 dt =: −c2|λ|sfλ(x).
It happens that c1 = c2. Indeed,
c1 − c2 =
∫ ∞
0
(
cosh t− 1)(sinh t)−s−1 dt+ ∫ ∞
0
(( t
sinh t
)s+1
− 1
)
t−s−1 dt
=
∫ ∞
0
(
(cosh t)(sinh t)−s−1 − t−s−1) dt.
Consider the integral∫ ∞
δ
(cosh t)(sinh t)−s−1 dt =
∫ ∞
sinh δ
t−s−1 dt =
∫ ∞
δ
t−s−1 dt−
∫ sinh δ
δ
t−s−1 dt.
This gives ∫ ∞
δ
(
(cosh t)(sinh t)−s−1 − t−s−1) dt = −∫ sinh δ
δ
t−s−1 dt,
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which converges to 0 as δ → 0. Finally, using the expression of B, we multiply (3.5) by e−iλw
and integrate over λ variable to get
Lsf(x, w) = s
Γ(1− s)
∫ ∞
0
(f(x, w)− f ∗Kt,s(x, w))t−s−1 dt.
Since s
Γ(1−s)
= 1
|Γ(−s)|
, we obtain the desired representation of Ls. 
We can modify the integral representation using the properties of Kt,s (Proposition 2.8):
Proposition 3.3. For 0 < s < 1, f ∈ W s,2(X), we have
Lsf(ξ) = 1
Γ(−s)
∫ ∞
0
∫
X
(f(ξ)− f(η))T ηKt,s(ξ)t−s−1 dµ(η) dt.
Proof. From last theorem, we have
Lsf(ξ) = 1
Γ(−s)
∫ ∞
0
(f(ξ)− f ∗Kt,s(ξ))t−s−1 dt
=
1
Γ(−s)
∫ ∞
0
(∫
X
f(ξ)T ηKt,s(ξ) dµ(η)−
∫
X
T ηKt,s(ξ)f(η) dµ(η)
)
t−s−1 dt
=
1
Γ(−s)
∫ ∞
0
∫
X
(f(ξ)− f(η))T ηKt,s(ξ) dµ(η)t−s−1 dt.

Proposition 3.4. For 0 < s < 1 and f, g ∈ W s,2(X), we have
〈Lsf, g〉 = 1
2Γ(−s)
∫ ∞
0
∫
X
∫
X
(f(ξ)− f(η))(g(ξ)− g(η))T ηKt,s(ξ) dµ(η) dµ(ξ) dt
ts+1
.
Proof. We have
〈Lsf, g〉 = 1
Γ(−s)
∫
X
(∫ ∞
0
∫
X
(f(ξ)− f(η))g(ξ)T ηKt,s(ξ) dµ(η) dt
ts+1
)
dµ(ξ)
=
1
Γ(−s)
∫
X
(∫ ∞
0
∫
X
(f(η)− f(ξ))g(η)T ξKt,s(η) dµ(ξ) dt
ts+1
)
dµ(η)
= − 1
Γ(−s)
∫
X
(∫ ∞
0
∫
X
(f(ξ)− f(η))g(η)T η∗Kt,s(ξ∗) dµ(ξ) dt
ts+1
)
dµ(η),
where (x, w)∗ = (x,−w). Using, T η∗Kt,s(ξ∗) = T ηKt,s(ξ) and Fubini’s Theorem, we get:
〈Lsf, g〉 = − 1
Γ(−s)
∫
X
(∫ ∞
0
∫
X
(f(ξ)− f(η))g(η))T ηKt,s(ξ) dµ(η) dt
ts+1
)
dµ(ξ).
Hence, we have
〈Lsf, g〉 = 1
2Γ(−s)
∫
X
(∫ ∞
0
∫
X
(f(ξ)− f(η))g(ξ)− g(η))T ηKt,s(ξ) dµ(η) dt
ts+1
)
dµ(ξ).
=
1
2Γ(−s)
∫ ∞
0
(∫
X
∫
X
(f(ξ)− f(η))g(ξ)− g(η))T ηKt,s(ξ) dµ(η) dµ(ξ)
)
dt
ts+1
.

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Finally, for 0 < s < 1 and δ > 0, we define ground state representation H[f ] for f ∈
W s,2(X) by:
H[f ] = 〈Lsf, f〉 − Aα,s
∫
X
|f(x, w)|2((
δ + x
2
2
)2
+ w2
)s ,
where
Aα,s = (4δ)
s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2
.
Proposition 3.5. Let 0 < s < 1, δ > 0 and F ∈ C∞c (X), that is F is an infinitely
differentiable function defined on X with compact support. If we define G(ξ) = F (ξ)
u
−s,δ(ξ)
, then
Hs[F ] = 1
2Γ(−s)
∫ ∞
0
∫
X
∫
X
|G(ξ)−G(η)|2T ηKt,s(ξ)u−s,δ(ξ)u−s,δ(η) dµ(η) dµ(ξ) dt
ts+1
,
where us,δ is defined in (3.1).
Proof. In the previous proposition, if we take g(ξ) = u−s,δ(ξ) and f(ξ) =
|F (ξ)|2
u
−s,δ(ξ)
, then we
have 〈Lsf, g〉 equals to
1
2Γ(−s)
∫ ∞
0
∫
X
∫
X
(g(ξ)− g(η))
(
F 2(ξ)
g(ξ)
− F
2(η)
g(η)
)
T ηKt,s(ξ) dµ(η) dµ(ξ)
dt
ts+1
.
On simplification, we get
1
2Γ(−s)
∫ ∞
0
∫
X
∫
X
(
|F (ξ)− F (η)|2 −
∣∣∣∣F (ξ)g(ξ) − F (η)g(η)
∣∣∣∣2 g(ξ)g(η)
)
T ηKt,s(ξ) dµ(η) dµ(ξ)
dt
ts+1
.
On the other hand, using Proposition 3.1 and the fact that Ls is self-adjoint, we have 〈Lsf, g〉
equals to
(4δ)s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2 ∫
X
|F (ξ)|2
u−s,δ(ξ)
us,δ(ξ) dµ(ξ).
Equating both, and noting that u−s,δ(x, w)/us,δ(x, w) = ((δ + x
2/2)2 + w2)
s
, we get the
desired result. 
Finally we prove Hardy inequality for fractional powers of generalized sublaplacian.
Proof of Theorem 1.2. Let f ∈ C∞c (X). Define g(ξ) = f(ξ)/u−s,δ(ξ), where us,δ is defined in
(3.1). Using the last Proposition and Fubini’s Theorem, we have
Hs[f ] = 1
2Γ(−s)
∫
X
∫
X
(∫ ∞
0
T ηKt,s(ξ)
dt
ts+1
)
|g(ξ)− g(η)|2u−s,δ(ξ)u−s,δ(η) dµ(η) dµ(ξ).
Since the generalized translation operator is a positive operator (see [9][Proposition 3.2]) and∫∞
0
Kt,s(ξ)t
−s−1 dt > 0 (Proposition 2.9), we have for all ξ, η ∈ X∫ ∞
0
T ηKt,s(ξ)
dt
ts+1
> 0.
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Also the remaining terms in the expression of Hs[f ] are positive for all ξ and η. Therefore,
we conclude Hs[f ] > 0 for all f ∈ C∞c (X). Hence, for f ∈ C∞c (X), we have
〈Lsf, f〉 > (4δ)s
(
Γ(α+s+2
2
)
Γ(α−s+2
2
)
)2 ∫
X
|f(ξ)|2((
δ + x
2
2
)2
+ w2
)s dµ(ξ).
Next, let f ∈ W s,2(X). Since C∞c (X) dense in W s,2(X), therefore there exists a sequence
{fj} with each fj ∈ C∞c (X) such that fj → f in W s,2(X). Passing to a sub-sequence, we
can assume fj → f pointwise a.e.. The continuity of inner-product on W s,2(X) implies
〈Lsfj, fj〉 → 〈Lsf, f〉. On the other hand, the inequality |f(x, w)|2/((δ + x2)2 + w2)s 6
δ−2s|f(x, w)|2 together with Dominated convergence theorem, implies∫
X
|fj(ξ)|2((
δ + x
2
2
)2
+ w2
)s dµ(ξ)→ ∫
X
|f(ξ)|2((
δ + x
2
2
)2
+ w2
)s dµ(ξ).
From this we conclude that the inequality holds for all f ∈ W s,2(X).
Finally, we note that the both sides of the inequality are equal for f = u−s,δ. Hence the
constant involved in the inequality is sharp. 
4. Proof of the main Theorem
We recall from Section 2.6 that for j = 1, 2, · · · , am and m = 0, 1, 2, · · · , {Ym,j} forms
orthonormal basis for L2(Sn−1). Corresponding to each spherical harmonic Ym,j, we define
solid harmonics Pm,j on R
n by
Pm,j(x) = |x|mYm,j(x/|x|).
Moreover, for f ∈ L2(Rn+1), we have
f(x, w) =
∞∑
m=0
am∑
j=1
fm,j(|x|, w)Pm,j(x),
where fm,j(|x|, w) =
∫
Sn−1
f(|x|ω,w)Pm,j(|x|ω) dω.
Suppose f ∈ W s,2(H), such that f(x, w) = g(|x|, w)P (x), where P is a solid harmonics of
degree m. Then using spectral decomposition and the Hecke Bockner formula (Prosposition
2.10), we have
Gsf(x, w) = 1
2pi
∫
R
∞∑
k=0
(2|λ|)sΓ(
2k+n
4
+ 1+s
2
)
Γ(2k+n
4
+ 1−s
2
)
Pk(λ)fλ(x)e−iλw dλ
=
∫
R
∞∑
k=0
(
dnm,k(s)A
λ
k,m(g)φ
n/2+m−1
k,λ (|x|)
)
P (x)|λ|n/2+m+se−iλw dλ,
where
dnm,k(s) =
2s+1
2pi
Γ(2k+n/2+m+1+s
2
)
Γ(2k+n/2+m+1−s
2
)
Γ(k + 1)
Γ(k + n/2 +m)
,
and
Aλk,m(g) =
∫ ∞
0
gλ(r)φ
n/2+m−1
k,λ (r) r
n+2m−1 dr.
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Therefore, using the orthogonality of solid harmonics (with respect to inner product inherited
form L2(Sn−1)), we have
〈Gsf, f〉 =
∫
R
∞∑
k=0
dnm,k(s)|Aλk,m(g)|2|λ|
n
2
+m+s dλ.
Moreover, treating g as a function on X , we have
〈Lsg, g〉 = 2
s+1
2pi
∫
R
∞∑
k=0
Γ(2k+α+2+s
2
)
Γ(2k+α+2−s
2
)
Γ(k + 1)
Γ(k + α+ 1)
|Bλk,α(g)|2|λ|α+1+s dλ,
where Bλk,α(g) =
∫∞
0
gλ(x)φαk,λ(x)x
2α+1 dx. So for α = n
2
+m− 1, we have
(4.1) 〈Gsf, f〉 = 〈Lsg, g〉.
Now let f ∈ C∞c (H). Since C∞c (H) dense in W s,2(H), we have
f(x, w) =
∞∑
m=0
am∑
j=1
fm,j(|x|, w)Pm,j(x),
where fm,j(|x|, w) =
∫
Sn−1
f(|x|ω,w)Pm,j(|x|ω) dω. Using (4.1), we have
〈Gsf, f〉 =
∞∑
m=0
am∑
j=1
〈Gs(fm,jPm,j), fm,jPm,j〉
=
∞∑
m=0
am∑
j=1
〈Lsfm,j , fm,j〉.
Using the Theorem 1.2, we have
〈Gsf, f〉 >
∞∑
m=0
am∑
j=1
(4δ)s
(
Γ(n/2+m+s+1
2
)
Γ(n/2+m−s+1
2
)
)2 ∫
R
∫ ∞
0
|fm,j(x, w)|2xn+2m−1((
δ + x
2
2
)2
+ w2
)s dx dw
> inf
m>0
(4δ)s
(
Γ(n/2+m+s+1
2
)
Γ(n/2+m−s+1
2
)
)2
∞∑
m=0
am∑
j=1
∫
R
∫ ∞
0
|fm,j(x, w)|2xn+2m−1((
δ + |x|
2
2
)2
+ w2
)s dx dw.
Moreover, we have∫
Rn
|f(x, w)|2 dx =
∞∑
m=0
am∑
j=1
∫ ∞
0
|fm,j(r, w)|2 rn+2m−1 dr,
and
inf
m>0
(4δ)s
(
Γ(n/2+m+s+1
2
)
Γ(n/2+m−s+1
2
)
)2 = (4δ)s
(
Γ(n/2+s+1
2
)
Γ(n/2−s+1
2
)
)2
.
Therefore,
〈Gsf, f〉 > (4δ)s
(
Γ(n/2+s+1
2
)
Γ(n/2−s+1
2
)
)2 ∫
R
∫
Rn
|f(x, w)|2((
δ + |x|
2
2
)2
+ w2
)s dx dw.
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Once we proved the inequality for f ∈ C∞c (H), we argue as in the proof of Theorem 3 to
conclude that the inequality holds true for f ∈ W s,2(H).
Finally, we show that the constants involved in the inequality are sharp. For −1 < s < 1
and δ > 0, define vs,δ on H by
vs,δ(x, w) =
(
(δ + |x|2/2)2 + w2)−n/2+1+s2 .
Using Proposition 3.1,we have
〈Gsv−s,δ, v−s,δ〉 = 〈Lsv−s,δ, v−s,δ〉
= (4δ)s
Γ2(n/2+s+1
2
)
Γ2(n/2−s+1
2
)
〈vs,δ, v−s,δ〉
= (4δ)s
Γ2(n/2+s+1
2
)
Γ2(n/2−s+1
2
)
∫
R
∫ ∞
0
xn−1dx dw((
δ + x
2
2
)2
+ w2
)n/2+1
= (4δ)s
Γ2(n/2+s+1
2
)
Γ2(n/2−s+1
2
)
∫
R
∫
Rn
|u−s,δ(x, w)|2dx dw((
δ + x
2
2
)2
+ w2
)s .
Therefore, equality is achieved for f = u−s,δ. Hence the constants involved in the inequality
are sharp.
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